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Abstract
Fuzzy relations and, in particular, fuzzy order relations, have been largely studied since Zadeh first introduced the concept 
back in 1971. Bearing in mind that betweenness relations and their relationship with order relations have historically attracted the 
attention of mathematicians, it is very surprising that the study of fuzzy betweenness relations has had a very limited scientific 
reach so far, and barely no attention has been given to their relationship with fuzzy order relations. In this manuscript, we study 
fuzzy betweenness relations in depth and discuss their connection with both schools of thought in the study of fuzzy order relations: 
the already mentioned one introduced by Zadeh and the one initiated by Höhle and Blanchard and popularized by Bodenhofer.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction
The study of betweenness relations, which formalize the geometrical fact of an element being in between two other 
ones, can be traced back to the nineteenth century [25] at the very least. Further studies in the early twentieth century 
by Huntington [16] and Huntington and Kline [17] paved the way for researchers to study betweenness relations 
induced by order relations and related order-like relations (see, e.g., Pitcher and Smiley [28] or Rautenbach and 
Schäfer [29] on posets, Düvelmeyer and Wenzel [11] or Smiley [32] or Padmanabhan [24] on lattices, Sholander [31]
on trees, Fishburn [12] on interval orders and semiorders and Bankston [1] on road systems). Most of the works above 
propose different postulates for defining a betweenness relation. Among these different definitions of a betweenness 
relation, we adhere to the definition in the sense of Pérez-Fernández and De Baets [26], which has been proven to 
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of order relations [36].
Following the idea of Zadeh [34] and Goguen [13], it seems reasonable to distinguish different degrees to which 
an element could be in between two other ones. Thus, the goal of this paper is to present a proper definition of a 
fuzzy betweenness relation that allows to establish a connection between fuzzy betweenness relations and fuzzy order 
relations, as in the crisp case. As interestingly explained in [23], there exist mainly two schools of thought in the 
study of fuzzy order relations in the literature. The first school of thought was initiated by Zadeh’s seminal paper [35]
on fuzzy order relations, in which the reflexivity and the antisymmetry are implicitly based on the crisp equality 
relation (see Remark 1). The second school of thought – initiated by Höhle and Blanchard [15] and popularized by 
Bodenhofer [5–7] – points out the need of also ‘fuzzifying’ the crisp equality relation and constructs fuzzy order 
relations with respect to a t-norm and a fuzzy equivalence relation. One should note here that replacing the crisp 
equality relation by a fuzzy equivalence relation not only generalizes the definition of a fuzzy order relation in the 
sense of Zadeh, but also the classical definition of a preorder relation, thereby raising a concern on the appropriateness 
of the term fuzzy order relation. Returning again to the purpose of the present paper, we propose to follow both schools 
of thought and propose two possible definitions of a fuzzy betweenness relation. Interestingly, both definitions will 
be proved to be linked to a representation of a fuzzy betweenness relation as a family of fuzzy order relations in the 
respective sense, as in the crisp setting studied in [36].
The remainder of this paper is organized as follows. We recall some basic notions and results related to triangular 
norms, fuzzy order relations and betweenness relations in Section 2. The notion of a fuzzy betweenness relation with 
respect to a t-norm and a fuzzy equivalence relation is proposed and some basic properties are studied in Section 3. 
A representation of a fuzzy betweenness relation with respect to a t-norm and a fuzzy equivalence relation as a 
family of related fuzzy order relations with respect to the same t-norm and fuzzy equivalence relation is presented 
in Section 4. Section 5 is devoted to the construction of a fuzzy betweenness relation with respect to a t-norm and a 
fuzzy equivalence relation from a fuzzy order relation with respect to the same t-norm and fuzzy equivalence relation. 
Some properties of fuzzy betweenness relations induced by a fuzzy preorder relation and a fuzzy equivalence relation 
are investigated in Section 6. The notion of a fuzzy betweenness relation with respect to the crisp equality relation 
is studied in Section 7. We end with two main results on the connection between fuzzy betweenness relations with 
respect to a t-norm and a fuzzy equivalence relation and fuzzy prebetweenness relations with respect to the same 
t-norm in Section 8 and some conclusions and future work in Section 9.
2. Preliminaries
Throughout this paper, X is always a nonempty set. In the following, we recall some basic notions and results 
related to triangular norms on a bounded lattice, fuzzy order relations and betweenness relations.
2.1. Triangular norms on a bounded lattice
A partially ordered set (L, ≤) [8] is called a lattice if any two elements α and β have a greatest lower bound (called 
meet or infimum), denoted by α ∧ β , as well as a smallest upper bound (called join or supremum), denoted by α ∨ β . 
A bounded lattice L is a lattice that has a smallest element 0 and a greatest element 1, i.e., 0 ≤ α ≤ 1 for any α ∈ L.
A triangular norm (t-norm) ∗ on a bounded lattice L [9] is a binary operation on L that is commutative (α∗β = β∗α
for any α, β ∈ L), associative (α ∗ (β ∗ γ ) = (α ∗ β) ∗ γ for any α, β, γ ∈ L), order-preserving (for any α, β, γ ∈ L, 
α ≤ β implies α ∗ γ ≤ β ∗ γ ) and has neutral element 1 (α ∗ 1 = α for any α ∈ L). A t-norm ∗ on a bounded lattice L
is said to distribute over the join operation ∨ on L if α ∗ (β ∨ γ ) = (α ∗ β) ∨ (α ∗ γ ) for any α, β, γ ∈ L.
For two t-norms ∗1 and ∗2 on a bounded lattice L, ∗1 is said to be weaker than ∗2 (equivalently, ∗2 is said to be 
stronger than ∗1), denoted by ∗1 ≤ ∗2, if α ∗1 β ≤ α ∗2 β for any (α, β) ∈ L2. We shall write ∗1 < ∗2 meaning that 
∗1 ≤ ∗2 and there exists (α0, β0) ∈ L2 such that α0 ∗1 β0 = α0 ∗2 β0. For any t-norm ∗ on a bounded lattice L, it holds 
that α ∗ β ≤ (α ∗ 1) ∧ (1 ∗ β) = α ∧ β for any (α, β) ∈ L2. The element 0 is an annihilator for any t-norm ∗ on L
(α ∗ 0 = 0 for any α ∈ L). It is known that the strongest t-norm on L is the meet ∗M, defined by x ∗M y = x ∧ y, while 
the weakest t-norm on L is the drastic product ∗D [10], defined as
α ∗D β =
{
α ∧ β, if 1 ∈ {α,β},
0, otherwise.
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Throughout this paper, unless otherwise stated, L always denotes a bounded lattice (L, ≤, ∧, ∨, 0, 1) and ∗ a 
t-norm on it. We will specify when the distributivity condition of ∗ over ∨ is needed. Note that any t-norm ∗ on [0, 1]
is necessarily distributive over ∨.
A (binary) L-relation R on X is a mapping R : X2 → L. An L-relation R is called a crisp relation if Im(R) = {0, 1}. 
In such case, we occasionally use the notation (x, y) ∈ R for referring to the fact that R(x, y) = 1. Similarly, a ternary 
L-relation T on X is a mapping T : X3 → L, T being called a ternary crisp relation if Im(T ) = {0, 1}.
We are interested in the following basic properties of L-relations (see, e.g., [3,4,22,23,35]):
(i) reflexivity: R(x, x) = 1, for any x ∈ X;
(ii) symmetry: R(x, y) = R(y, x), for any x, y ∈ X;
(iii) ∗-antisymmetry1: for any x, y ∈ X, R(x, y) ∗ R(y, x) = 0 implies x = y;
(iv) crisp antisymmetry: for any x, y ∈ X, R(x, y) = R(y, x) = 1 implies x = y;
(v) ∗-transitivity: R(x, y) ∗ R(y, z) ≤ R(x, z), for any x, y, z ∈ X;
(vi) separability: for any x, y ∈ X, R(x, y) = 1 implies x = y;
(vii) linearity (completeness): for any x, y ∈ X, R(x, y) = 1 or R(y, x) = 1.
Additionally, we are interested in the property of compatibility of two L-relations, which assures that elements that 
are similar to related elements are related as well. More formally, given a t-norm ∗ on L, an L-relation R on X is said 
to be compatible [20] with another L-relation S on X if R(x, y) ∗ S(x, z) ∗ S(y, t) ≤ R(z, t) for any x, y, z, t ∈ X.
An L-relation R on X is said to be a ∗-preorder relation if it is reflexive and ∗-transitive. A symmetric ∗-preorder 
relation is called a ∗-equivalence2 relation. A separable ∗-equivalence relation is called a ∗-equality relation. An 
L-relation R on X is called a strong ∗-order relation3 if it is a ∗-antisymmetric ∗-preorder relation, whereas it is 
called a ∗-order relation if it is a ∗-preorder relation and satisfies crisp antisymmetry. Obviously, the only difference 
between them lies in the antisymmetry property and, thus, a strong ∗-order relation is necessarily a ∗-order relation.
As Bodenhofer pointed out in [6], the classical definition of a fuzzy order relation builds upon the crisp equality 
relation.
Remark 1. [6] Let χ= = {(x, x) | x ∈ X} be the crisp equality relation on X. The reflexivity, the ∗-antisymmetry and 
the crisp antisymmetry of an L-relation R on X can be equivalently expressed as follows:
(i) reflexivity: for any x, y ∈ X, (x, y) ∈ χ= implies R(x, y) = 1;
(ii) ∗-antisymmetry: for any x, y ∈ X, R(x, y) ∗ R(y, x) = 0 implies (x, y) ∈ χ=;
(iii) crisp antisymmetry: for any x, y ∈ X, R(x, y) = R(y, x) = 1 implies (x, y) ∈ χ=.
Bodenhofer [5–7] then stated that there is an inherent tension between the properties of reflexivity and 
∗-antisymmetry for ∗-transitive fuzzy relations. For this reason, he proposed to substitute the crisp equality rela-
tion by a fuzzy equivalence relation in the definitions of reflexivity and ∗-antisymmetry, thus obtaining a fuzzy order 
relation with respect to a t-norm and a fuzzy equivalence relation, or, for short, a ∗-E-order relation.
Note that Höhle and Blanchard [15] had already proposed the notion of a ∗-E-order relation in a more general 
lattice-theoretic setting before Bodenhofer [5–7].
Definition 1. Let ∗ be a t-norm on L and E be a ∗-equivalence relation on X. An L-relation R : X2 → L is called a 
∗-E-order relation on X if it is ∗-transitive and satisfies the following two properties:
(i) E-reflexivity: for any x, y ∈ X, E(x, y) ≤ R(x, y).
1 Note that there exist alternative definitions for the property of ∗-antisymmetry of an L-relation (see, e.g., [5]).
2 In the case of L = [0, 1], there are several different names for ∗-equivalence relations in the literature, such as similarity relations [35] and 
indistinguishability operators [30,33].
3 Fuzzy order relations in the sense of Zadeh [35] are exactly strong ∗M-order relations with L = [0, 1].
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Remark 2.
(1) E-reflexivity implies reflexivity, while ∗-antisymmetry implies ∗-E-antisymmetry.
(2) R is a ∗-E-order relation on X if and only if it is a ∗-preorder relation on X and satisfies the following 
inequalities:
R(x, y) ∗ R(y, x) ≤ E(x, y) ≤ R(x, y) ∧ R(y, x), for any x, y ∈ X .
In particular, if ∗ = ∧, then E(x, y) = R(x, y) ∧ R(y, x).
(3) If E is the crisp equality relation, then a ∗-E-order relation is exactly a strong ∗-order relation.
(4) If E is a crisp equivalence relation and R is a crisp relation, then R is a ∗-E-order relation if and only if R is 
a preorder relation and E is its symmetric kernel, i.e., E = R ∩ Rt , where Rt = {(x, y) | (y, x) ∈ R} is the transpose 
of R.
2.3. Betweenness relations
The notion of a betweenness relation was first introduced by Pasch [25] and further studied by Huntington [16]
and Huntington and Kline [17]. It formalizes the geometrical notion of an element being in between two others. 
Although different axiomatizations of a betweenness relation have been proposed [1], in this paper we adhere to the 
one presented in [26] since it allows a betweenness relation to be represented as a family of related order relations [36].
Definition 2. [26] A ternary relation B on a set X is called a betweenness relation if it satisfies the following three 
properties:
(i) Symmetry in the end points: for any x, y, z ∈ X,
(x, y, z) ∈ B ⇐⇒ (z, y, x) ∈ B .
(ii) Closure: for any x, y, z ∈ X,
((x, y, z) ∈ B ∧ (x, z, y) ∈ B) ⇐⇒ y = z .
(iii) End-point transitivity: for any o, x, y, z ∈ X,
((o, x, y) ∈ B ∧ (o, y, z) ∈ B) =⇒ (o, x, z) ∈ B .
Remark 3. Obviously, the closure axiom for a betweenness relation is equivalent to the following two axioms:
(a) Reflexivity (w.r.t. the second and the third element): for any x, y ∈ X, (x, y, y) ∈ B .
(b) Antisymmetry (w.r.t. the second and the third element): for any x, y, z ∈ X,
((x, y, z) ∈ B ∧ (x, z, y) ∈ B) =⇒ y = z .
We recall that the smallest betweenness relation B0 on a given set X is given by
B0 = {(x, y, z) ∈ X3 | (x = y) ∨ (y = z)} .
A more meaningful betweenness relation is induced by any order relation ≤ on X, as follows:
B≤ = B0 ∪ {(x, y, z) ∈ X3 | (x ≤ y ≤ z) ∨ (z ≤ y ≤ x)} .
3. Fuzzy betweenness relations with respect to a t-norm and a fuzzy equivalence relation
In this section, we follow the school of thought of Höhle and Blanchard [15] and Bodenhofer [5–7] for the definition 
of fuzzy order relations and propose the notion of a fuzzy betweenness relation with respect to a t-norm and a fuzzy 
equivalence relation (for short, ∗-E-betweenness relation). We also study some basic properties of ∗-E-betweenness 
relations. In particular, we identify the smallest ∗-E-betweenness relation given a ∗-equivalence relation.
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called a ∗-E-betweenness relation if it satisfies the following four conditions:
(i) Symmetry (w.r.t. the first and the third element): for any x, y, z ∈ X,
B(x, y, z) = B(z, y, x) .
(ii) E-reflexivity (w.r.t. the second and the third element): for any x, y, z ∈ X,
E(y, z) ≤ B(x, y, z) .
(iii) ∗-E-antisymmetry (w.r.t. the second and the third element): for any x, y, z ∈ X,
B(x, y, z) ∗ B(x, z, y) ≤ E(y, z) .
(iv) ∗-transitivity (w.r.t. the second and the third element): for any o, x, y, z ∈ X,
B(o, x, y) ∗ B(o, y, z) ≤ B(o, x, z) .
Intuitively, B(x, y, z) is understood as the degree to which y is in between x and z.
Remark 4. A first notion of fuzzy betweenness relation is due to Jacas and Recasens [18,19] fitting in the school of 
thought of Zadeh (in the sense that E is the crisp equality relation and L = [0, 1]), yet with a stronger transitivity 
property and a weaker antisymmetry property, thus yielding a notion incomparable to ours.
Analogously to the case of fuzzy order relations, if E is the crisp equality relation, we get the following definition 
of a strong ∗-betweenness relation. The reason why we call it strong lies in the fact that it can be represented as a 
family of strong ∗-order relations, as will be shown in Section 4.
Definition 4. Let ∗ be a t-norm on L. A ternary L-relation B : X3 → L is called a strong ∗-betweenness relation if it 
satisfies the following four conditions:
(i) Symmetry: B(x, y, z) = B(z, y, x), for any x, y, z ∈ X.
(ii) Reflexivity: B(x, y, y) = 1, for any x, y ∈ X.
(iii) ∗-antisymmetry: for any x, y, z ∈ X, B(x, y, z) ∗ B(x, z, y) = 0 implies y = z.
(iv) ∗-transitivity: B(o, x, y) ∗ B(o, y, z) ≤ B(o, x, z), for any o, x, y, z ∈ X.
If L = {0, 1}, i.e., E is a crisp equivalence relation and B is a crisp ternary relation, we get the following definition 
of a betweenness relation with respect to E (for short, E-betweenness relation).
Definition 5. Let E be a crisp equivalence relation on X. A crisp ternary relation B on X is called an E-betweenness 
relation if it satisfies the following four conditions:
(i) Symmetry: (x, y, z) ∈ B ⇐⇒ (z, y, x) ∈ B , for any x, y, z ∈ X.
(ii) E-reflexivity: (y, z) ∈ E =⇒ (x, y, z) ∈ B , for any x, y, z ∈ X.
(iii) E-antisymmetry: ((x, y, z) ∈ B ∧ (x, z, y) ∈ B) =⇒ (y, z) ∈ E, for any x, y, z ∈ X.
(iv) Transitivity: ((o, x, y) ∈ B ∧ (o, y, z) ∈ B) =⇒ (o, x, z) ∈ B , for any o, x, y, z ∈ X.
Remark 5. A crisp betweenness relation is exactly an E-betweenness relation with E being the crisp equality relation.
Next, we study some basic properties of ∗-E-betweenness relations. First, the degree to which either x or y is in 
between x and y always equals one.
Proposition 1. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on 
X. Then
6 H.-P. Zhang et al. / Fuzzy Sets and Systems 384 (2020) 1–22B(x, x, y) = B(x, y, y) = 1, for any x, y ∈ X .
Proof. Consider x, y ∈ X. It follows from the E-reflexivity of B that E(y, y) ≤ B(x, y, y). Note that E(y, y) = 1. 
Hence, B(x, y, y) = 1. Due to the symmetry of B , we conclude that B(x, x, y) = B(y, x, x) = 1. 
Second, the degree to which x and y are equivalent is also the degree to which y is in between x and x.
Proposition 2. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on 
X. Then B(x, y, x) = E(y, x), for any x, y ∈ X.
Proof. Consider x, y ∈ X. It follows from the E-reflexivity of B that E(y, x) ≤ B(x, y, x). Conversely, it fol-
lows from the fact that B(x, x, y) = 1 and the ∗-E-antisymmetry of B that B(x, y, x) = B(x, y, x) ∗ B(x, x, y) ≤
E(y, x). 
Note that the above proposition implies that E is uniquely determined by B .
Corollary 1. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on 
X. For any ∗-equivalence relation F on X, it holds that B is a ∗-F -betweenness relation on X if and only if F = E.
The following corollary also follows immediately from Proposition 2.
Corollary 2. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on 
X. The following three conditions are equivalent:
(i) B(x, y, x) = 0, for any x, y ∈ X with x = y;
(ii) E is the crisp equality relation on X;
(iii) B is a strong ∗-betweenness relation on X.
Any ∗-equivalence relation E naturally induces a ∗-E-betweenness relation, as shown in the following theorem.
Theorem 1. Let ∗ be a t-norm on L with ∗ distributing over ∨ and E be a ∗-equivalence relation on X. The ternary 
L-relation BE : X3 → L, defined by
BE(x, y, z) = E(x, y) ∨ E(y, z) ,
is a ∗-E-betweenness relation on X.
Proof. It is obvious that BE satisfies the properties of symmetry and E-reflexivity. It remains to show that BE satisfies 
the properties of ∗-E-antisymmetry and ∗-transitivity.
∗-E-antisymmetry: for any x, y, z ∈ X, if we apply the distributivity of ∗ over ∨ in the first step, the symmetry and 
∗-transitivity of E in the second step and the fact that ∗ is order-preserving and has neutral element 1 in the third step, 
then it follows that
BE(x, y, z) ∗ BE(x, z, y) = (E(x, y) ∨ E(y, z)) ∗ (E(x, z) ∨ E(z, y))
= (E(x, y) ∗ E(x, z)) ∨ (E(y, z) ∗ E(x, z))
∨ (E(x, y) ∗ E(z, y)) ∨ (E(y, z) ∗ E(z, y))
≤ E(y, z) ∨ (E(y, z) ∗ E(x, z))
∨ (E(x, y) ∗ E(y, z)) ∨ (E(y, z) ∗ E(z, y))
≤ E(y, z) ∨ E(y, z) ∨ E(y, z) ∨ E(y, z)
= E(y, z).
Hence, it holds that BE(x, y, z) ∗ BE(x, z, y) ≤ E(y, z).
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∗-transitivity of E in the second step and the fact that ∗ is order-preserving and has neutral element 1 in the third step, 
then it follows that
BE(o, x, y) ∗ BE(o, y, z) = (E(o, x) ∨ E(x, y)) ∗ (E(o, y) ∨ E(y, z))
= (E(o, x) ∗ E(o,y)) ∨ (E(x, y) ∗ E(o,y))
∨ (E(o, x) ∗ E(y, z)) ∨ (E(x, y) ∗ E(y, z))
≤ (E(o, x) ∗ E(o,y)) ∨ E(o,x)
∨ (E(o, x) ∗ E(y, z)) ∨ E(x, z)
≤ E(o,x) ∨ E(o,x) ∨ E(o,x) ∨ E(x, z)
= BE(o, x, z).
Hence, it holds that BE(o, x, y) ∗ BE(o, y, z) ≤ BE(o, x, z). 
If E is a crisp equivalence relation, we obtain the following corollary.
Corollary 3. Let E be a crisp equivalence relation on X. The crisp ternary relation BE on X, defined as
BE = {(x, y, z) | (x, y) ∈ E or (y, z) ∈ E} ,
is an E-betweenness relation on X.
If E is the crisp equality relation, we obtain the following corollary.
Corollary 4. Let ∗ be a t-norm on L. The ternary L-relation B= : X3 → L, defined by
B=(x, y, z) =
{
1, if (x = y) ∨ (y = z),
0, if (x = y) ∧ (y = z),
is a strong ∗-betweenness relation on X. Obviously, B= is exactly the smallest crisp betweenness relation B0 on X.
The following theorem shows that, given X and E, BE is the smallest among all ∗-E-betweenness relations on X.
Theorem 2. Let ∗ be a t-norm on L with ∗ distributing over ∨, E be a ∗-equivalence relation on X and B be a 
∗-E-betweenness relation on X. Then BE ≤ B .
Proof. For any x, y, z ∈ X, it follows from the E-reflexivity and the symmetry of B that E(y, z) ≤ B(x, y, z) and 
E(x, y) = E(y, x) ≤ B(z, y, x) = B(x, y, z). Therefore, BE(x, y, z) = E(x, y) ∨ E(y, z) ≤ B(x, y, z). 
The following two corollaries follow immediately from Theorem 2.
Corollary 5. Let E be a crisp equivalence relation on X and B be a crisp E-betweenness relation on X. Then BE ≤ B .
Corollary 6. Let ∗ be a t-norm on L and B be a strong ∗-betweenness relation on X. Then B= ≤ B .
The property of middle compatibility of a ternary crisp relation with a binary crisp relation introduced in [2] can 
be easily generalized to the fuzzy setting.
Definition 6. A ternary L-relation T on X is said to be middle compatible with a ∗-equivalence relation E on X if 
E(x, y) ∗ T (o, y, z) ≤ T (o, x, z), for any o, x, y, z ∈ X.
Any ternary L-relation is middle compatible with the crisp equality relation.
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Proof. Consider o, x, y, z ∈ X. We distinguish the following two cases:
(i) If x = y, then E(x, y) ∗ T (o, y, z) = E(x, x) ∗ T (o, x, z) = T (o, x, z).
(ii) If x = y, then E(x, y) ∗ T (o, y, z) = 0 ∗ T (o, y, z) = 0 ≤ T (o, x, z).
So T is middle compatible with E. 
Any ∗-E-betweenness relation is middle compatible with E.
Proposition 4. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on 
X. Then B is middle compatible with E.
Proof. Consider o, x, y, z ∈ X. It follows from the E-reflexivity and the ∗-transitivity of B that
E(x, y) ∗ B(o, y, z) ≤ B(o, x, y) ∗ B(o, y, z) ≤ B(o, x, z) .
So B is middle compatible with E. 
4. Representation of ∗-E-betweenness relations
In this section, it is shown that a ∗-E-betweenness relation can be represented in terms of a family of related 
∗-E-order relations.
The following theorem shows that each ∗-E-betweenness relation induces a family of related ∗-E-order relations.
Theorem 3. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ∗-E-betweenness relation on X. 
The family {Ox}x∈X of L-relations on X, where, for any x ∈ X, Ox : X2 → L is defined by Ox(y, z) = B(x, y, z), is 
a family of ∗-E-order relations on X satisfying Ox(y, z) = Oz(y, x), for any x, y, z ∈ X.
Proof. It follows from the E-reflexivity, ∗-E-antisymmetry and ∗-transitivity of B that each Ox is E-reflexive, 
∗-E-antisymmetric and ∗-transitive. The symmetry of B implies that Ox(y, z) = Oz(y, x), for any x, y, z ∈ X. 
Analogously to the result above, given a family of ∗-E-order relations satisfying an additional symmetry condition, 
we can construct a ∗-E-betweenness relation.
Theorem 4. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and {Ox}x∈X be a family of ∗-E-order 
relations on X satisfying Ox(y, z) = Oz(y, x), for any x, y, z ∈ X. The ternary L-relation B : X3 → L, defined by 
B(x, y, z) = Ox(y, z), is a ∗-E-betweenness relation on X.
Proof. It follows from the assumption that Ox(y, z) = Oz(y, x), for any x, y, z ∈ X, that B is symmetric. 
The E-reflexivity, ∗-E-antisymmetry and ∗-transitivity of the ∗-E-order relations Ox imply the E-reflexivity, 
∗-E-antisymmetry and ∗-transitivity of B . 
From Theorems 3 and 4, we obtain the following representation theorem for a ∗-E-betweenness relation via a 
family of related ∗-E-order relations.
Theorem 5. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X and B be a ternary L-relation on X. Then 
B is a ∗-E-betweenness relation on X if and only if it is induced (as in Theorem 4) by a family of ∗-E-order relations 
{Ox}x∈X on X satisfying Ox(y, z) = Oz(y, x), for any x, y, z ∈ X.
If E is the crisp equality relation in Theorems 3, 4 and 5, then we obtain the following corollaries, showing that a 
strong ∗-betweenness relation can be represented as a family of related strong ∗-order relations.
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is defined by Ox(y, z) = B(x, y, z), is a family of strong ∗-order relations on X satisfying Ox(y, z) = Oz(y, x) for 
any x, y, z ∈ X.
Corollary 8. Let {Ox}x∈X be a family of strong ∗-order relations on X satisfying Ox(y, z) = Oz(y, x), for any 
x, y, z ∈ X. The ternary L-relation B : X3 → L, defined by B(x, y, z) = Ox(y, z), is a strong ∗-betweenness relation 
on X.
Corollary 9. A ternary L-relation B is a strong ∗-betweenness relation on X if and only if it is induced (as in 
Corollary 8) by a family of strong ∗-order relations {Ox}x∈X on X satisfying Ox(y, z) = Oz(y, x), for any x, y, z ∈ X.
The following theorem characterizes the supremum and the infimum of the family of ∗-E-order relations induced 
by a ∗-E-betweenness relation.
Theorem 6. Let ∗ be a t-norm on L, E be a ∗-equivalence relation on X, B be a ∗-E-betweenness relation on X and 
{Ox}x∈X be induced by B as in Theorem 3. The following results hold:
(1) ∨
x∈X
Ox(y, z) = 1, for any y, z ∈ X;
(2) ∧
x∈X
Ox(y, z) = E(y, z), for any y, z ∈ X.
Proof. (1) It follows from Proposition 1 that Oy(y, z) = 1, for any y, z ∈ X, which implies that ∨
x∈X
Ox(y, z) = 1, for 
any y, z ∈ X.
(2) On the one hand, it follows from the E-reflexivity of B that E(y, z) ≤ Ox(y, z), for any x, y, z ∈ X. On the 
other hand, we know that Oz(y, z) = E(y, z), for any y, z ∈ X from Proposition 2. Hence, ∧
x∈X
Ox(y, z) = E(y, z), 
for any y, z ∈ X. 
5. Constructions of ∗-E-betweenness relations
At the end of Section 2, we recalled that any order relation induces a betweenness relation. An attentive reader 
might notice the presence of the smallest betweenness relation in the given expression. In this section, we first show 
that a ∗-E-order relation induces a ternary L-relation in a similar way. This ternary L-relation is here proved to 
be a ∗-E-betweenness relation if and only if it is middle compatible with E. We investigate in detail this middle 
compatibility, which plays a similar role as that of the smallest betweenness relation in the crisp setting. Finally, we 
give two examples of strong ∗-betweenness relations.
5.1. ∗-E-betweenness relations induced by a ∗-E-order relation
We first coin the term ∗-E-transitivity for referring to a property similar to that of end-point transitivity for be-
tweenness relations in the crisp setting.
Definition 7. A ternary L-relation T : X3 → L is called (end-point) ∗-E-transitive if, for any o, x, y, z ∈ X, it holds 
that T (o, x, y) ∗ T (o, y, z) ≤ T (o, x, z) ∨ E(x, y).
It is evident that if T is a crisp relation and E is the crisp equality relation, then ∗-E-transitivity coincides with 
end-point transitivity.
We can construct a ∗-E-betweenness relation from a ∗-E-order relation, as is shown in the following theorem. We 
first prove the following lemma, which will be crucial for the development of this section.
Lemma 1. Let ∗ be a t-norm on L with ∗ distributing over ∨ and R be a ∗-transitive L-relation on X. The ternary 
L-relation TR : X3 → L, defined by
10 H.-P. Zhang et al. / Fuzzy Sets and Systems 384 (2020) 1–22TR(x, y, z) = (R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x)) ,
satisfies the following two properties:
(1) TR(x, y, z) ∗ TR(x, z, y) ≤ R(y, z) ∗ R(z, y) = TR(y, z, y), for any x, y, z ∈ X;
(2) TR(o, x, y) ∗ TR(o, y, z) ≤ TR(o, x, z) ∨ (R(o, x) ∗ R(x, o)) = TR(o, x, z) ∨ TR(o, x, o), for any o, x, y, z ∈ X.
Proof. (1) Let TR(x, y, z) ∗ TR(x, z, y) = α. By considering the distributivity of ∗ over ∨ in the first step and the 
∗-transitivity of R and the fact that ∗ is order-preserving and has neutral element 1 in the second step, it follows that
α = ((R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x))) ∗ ((R(x, z) ∗ R(z, y)) ∨ (R(y, z) ∗ R(z, x)))
= (R(x, y) ∗ R(y, z) ∗ R(x, z) ∗ R(z, y)) ∨ (R(z, y) ∗ R(y, x) ∗ R(x, z) ∗ R(z, y))
∨ (R(x, y) ∗ R(y, z) ∗ R(y, z) ∗ R(z, x)) ∨ (R(z, y) ∗ R(y, x) ∗ R(y, z) ∗ R(z, x))
≤ (R(y, z) ∗ R(z, y)) ∨ (R(z, y) ∗ R(y, z)) ∨ (R(y, z) ∗ R(z, y)) ∨ (R(z, y) ∗ R(y, z))
= R(y, z) ∗ R(z, y) = TR(y, z, y).
(2) Let TR(o, x, y) ∗ TR(o, y, z) = α. By considering the distributivity of ∗ over ∨ in the first step, the fact that ∗
is order-preserving and has neutral element 1 in the second step and the ∗-transitivity of R in the third step, it follows 
that
α = ((R(o, x) ∗ R(x, y)) ∨ (R(y, x) ∗ R(x, o))) ∗ ((R(o, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, o)))
= (R(o, x) ∗ R(x, y) ∗ R(o, y) ∗ R(y, z)) ∨ (R(y, x) ∗ R(x, o) ∗ R(o, y) ∗ R(y, z))
∨ (R(o, x) ∗ R(x, y) ∗ R(z, y) ∗ R(y, o)) ∨ (R(y, x) ∗ R(x, o) ∗ R(z, y) ∗ R(y, o))
≤ (R(o, x) ∗ R(x, y) ∗ R(y, z)) ∨ (R(o, y) ∗ R(y, x) ∗ R(x, o))
∨ (R(o, x) ∗ R(x, y) ∗ R(y, o)) ∨ (R(z, y) ∗ R(y, x) ∗ R(x, o))
≤ (R(o, x) ∗ R(x, z)) ∨ (R(o, x) ∗ R(x, o)) ∨ (R(o, x) ∗ R(x, o)) ∨ (R(z, x) ∗ R(x, o))
= TR(o, x, z) ∨ (R(o, x) ∗ R(x, o)) = TR(o, x, z) ∨ TR(o, x, o). 
Theorem 7. Let R : X2 → L be a ∗-E-order relation with ∗ distributing over ∨. The ternary L-relation BR : X3 → L, 
defined by
BR(x, y, z) = E(x, y) ∨ E(y, z) ∨ TR(x, y, z) = BE(x, y, z) ∨ TR(x, y, z) ,
satisfies the following two properties:
(1) BR satisfies conditions (i)–(iii) of Definition 3 and ∗-E-transitivity.
(2) BR is a ∗-E-betweenness relation on X if and only if BR is middle compatible with E.
Proof. (1) It is obvious that BR satisfies symmetry and E-reflexivity. It remains to prove that BR satisfies 
∗-E-antisymmetry and ∗-E-transitivity.
∗-E-antisymmetry: for any x, y, z ∈ X, let BR(x, y, z) ∗ BR(x, z, y) = α. By considering the distributivity of ∗
over ∨ in the first step and the symmetry and ∗-transitivity of E and the fact that ∗ is order-preserving and has neutral 
element 1 in the second step, it follows that
α = (E(x, y) ∨ E(y, z) ∨ TR(x, y, z)) ∗ (E(x, z) ∨ E(z, y) ∨ TR(x, z, y))
= (E(x, y) ∗ E(x, z)) ∨ (E(y, z) ∗ E(x, z)) ∨ (TR(x, y, z) ∗ E(x, z))
∨ (E(x, y) ∗ E(z, y)) ∨ (E(y, z) ∗ E(z, y)) ∨ (TR(x, y, z) ∗ E(z, y))
∨ (E(x, y) ∗ TR(x, z, y)) ∨ (E(y, z) ∗ TR(x, z, y)) ∨ (TR(x, y, z) ∗ TR(x, z, y))
≤ E(y, z) ∨ E(y, z) ∨ (TR(x, y, z) ∗ E(x, z)) ∨ E(y, z) ∨ E(y, z) ∨ E(y, z)
∨ (E(x, y) ∗ TR(x, z, y)) ∨ E(y, z) ∨ (TR(x, y, z) ∗ TR(x, z, y))
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β
∨ (E(x, y) ∗ TR(x, z, y))︸ ︷︷ ︸
γ
∨ (TR(x, y, z) ∗ TR(x, z, y))︸ ︷︷ ︸
δ
.
By considering the distributivity of ∗ over ∨ in the first step, the fact that E(x, z) = E(z, x) ≤ R(z, x) (since R is a 
∗-E-order relation) in the second step, the ∗-transitivity of R in the third step, and the ∗-E-antisymmetry of R in the 
fourth step, it follows that
β = ((R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x))) ∗ E(x, z)
= (R(x, y) ∗ R(y, z) ∗ E(x, z)) ∨ (R(z, y) ∗ R(y, x) ∗ E(x, z))
≤ (R(z, x) ∗ R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x) ∗ R(x, z))
≤ (R(z, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, z))
≤ E(y, z).
Similarly to the above, it follows that γ ≤ E(y, z). It follows from Lemma 1(1) that δ ≤ R(y, z) ∗ R(z, y) ≤ E(y, z). 
Hence, it holds that BR(x, y, z) ∗ BR(x, z, y) ≤ E(y, z).
∗-E-transitivity: for any o, x, y, z ∈ X,
BR(o, x, y) ∗ BR(o, y, z) = (E(o, x) ∨ E(x, y) ∨ TR(o, x, y)) ∗ BR(o, y, z)
= (E(o, x) ∗ BR(o, y, z)) ∨ (E(x, y) ∗ BR(o, y, z)) ∨ (TR(o, x, y) ∗ BR(o, y, z)).
It is obvious that E(o, x) ∗ BR(o, y, z) ≤ E(o, x) ≤ BR(o, x, z) and E(x, y) ∗ BR(o, y, z) ≤ E(x, y). We shall prove 
that TR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z). Indeed, we first obtain that
TR(o, x, y) ∗ BR(o, y, z) = TR(o, x, y) ∗ (E(o, y) ∨ E(y, z) ∨ TR(o, y, z))
= (TR(o, x, y) ∗ E(o,y))︸ ︷︷ ︸

∨ (TR(o, x, y) ∗ E(y, z))︸ ︷︷ ︸
ζ
∨ (TR(o, x, y) ∗ TR(o, y, z))︸ ︷︷ ︸
η
.
 = (R(o, x) ∗ R(x, y) ∗ E(o,y)) ∨ (R(y, x) ∗ R(x, o) ∗ E(o,y))
≤ (R(o, x) ∗ R(x, y) ∗ R(y, o)) ∨ (R(o, y) ∗ R(y, x) ∗ R(x, o))
≤ (R(o, x) ∗ R(x, o)) ∨ (R(o, x) ∗ R(x, o))
≤ E(o,x) ≤ BR(o, x, z).
ζ = (R(o, x) ∗ R(x, y) ∗ E(y, z)) ∨ (R(y, x) ∗ R(x, o) ∗ E(y, z))
≤ (R(o, x) ∗ R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x) ∗ R(x, o))
≤ (R(o, x) ∗ R(x, z)) ∨ (R(z, x) ∗ R(x, o))
= TR(o, x, z) ≤ BR(o, x, z).
It follows from Lemma 1(2) that
η ≤ TR(o, x, z) ∨ (R(o, x) ∗ R(x, o)) ≤ TR(o, x, z) ∨ E(o,x) ≤ BR(o, x, z) .
Hence, it holds that TR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z). Therefore,
BR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z) ∨ E(x, y) .
(2) Necessity: It follows from Proposition 4.
Sufficiency: Suppose that E(x, y) ∗ BR(o, y, z) ≤ BR(o, x, z), for any o, x, y, z ∈ X. Due to (1), we only need to 
prove that BR satisfies ∗-transitivity. For any o, x, y, z ∈ X, it follows from the proof of ∗-E-transitivity in (1) that
BR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z) .
We conclude that BR is a ∗-E-betweenness relation on X. 
The following proposition presents an equivalent form of middle compatibility.
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that E(x, y) ∗ BR(o, y, z) ≤ BR(o, x, z) if and only if E(x, y) ∗ TR(o, y, z) ≤ BR(o, x, z).
Proof. Necessity: For any o, x, y, z ∈ X, suppose that E(x, y) ∗ BR(o, y, z) ≤ BR(o, x, z). It follows from 
TR(o, y, z) ≤ BR(o, y, z) that E(x, y) ∗ TR(o, y, z) ≤ BR(o, x, z).
Sufficiency: For any o, x, y, z ∈ X, suppose that E(x, y) ∗ TR(o, y, z) ≤ BR(o, x, z). By considering the distribu-
tivity of ∗ over ∨ in the first step and the symmetry and ∗-transitivity of E (and the assumption above), it follows 
that
E(x, y) ∗ BR(o, y, z) = E(x, y) ∗ (E(o, y) ∨ E(y, z) ∨ TR(o, y, z))
= (E(x, y) ∗ E(o,y)) ∨ (E(x, y) ∗ E(y, z)) ∨ (E(x, y) ∗ TR(o, y, z))
≤ E(o,x) ∨ E(x, z) ∨ BR(o, x, z)
= BR(o, x, z).
We conclude that E(x, y) ∗BR(o, y, z) ≤ BR(o, x, z). 
If a ∗-E-betweenness relation BR is generated by a ∗-E-order relation R as in Theorem 7 and {Ox}x∈X is the 
family of ∗-E-order relations on X generated by BR as in Theorem 3, it is natural to pose the following question: is 
it possible that R = Ox for some x ∈ X? The following theorem states that this can only be the case if x is such that 
R(x, y) = 1, for any y ∈ X.
Theorem 8. Let R be a ∗-E-order relation on X with BR being a ∗-E-betweenness relation and {Ox}x∈X be induced 
by BR as in Theorem 3. For any x ∈ X, it holds that R = Ox if and only if, for any y ∈ X, R(x, y) = 1.
Proof. Necessity: Suppose that R = Ox for some x ∈ X. It follows from Proposition 1 that R(x, y) = Ox(x, y) = 1
for any y ∈ X.
Sufficiency: Suppose that x ∈ X and R(x, y) = 1 for any y ∈ X. We need to show that for any y, z ∈ X, Ox(y, z) =
R(y, z), i.e., BR(x, y, z) = R(y, z). Note that
BR(x, y, z) = E(x, y) ∨ E(y, z) ∨ (R(x, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, x))
= E(x, y) ∨ E(y, z) ∨ R(y, z) ∨ (R(z, y) ∗ R(y, x))
= E(x, y) ∨ R(y, z) ∨ (R(z, y) ∗ R(y, x)).
It suffices to prove that E(x, y) ≤ R(y, z) and R(z, y) ∗ R(y, x) ≤ R(y, z). In fact, it follows from R(x, z) = 1
that E(x, y) ≤ R(y, x) = R(y, x) ∗ R(x, z) ≤ R(y, z) and that R(z, y) ∗ R(y, x) ≤ R(y, x) = R(y, x) ∗ R(x, z) ≤
R(y, z). 
5.2. Middle compatibility of ternary L-relations induced by a ∗-E-order relation with the underlying ∗-equivalence 
relation
The following example shows that there exist ∗-E-order relations whose induced ternary L-relation is not middle 
compatible with the underlying ∗-equivalence relation.
Example 1. Let X = {o, x, y, z} and ∗ be a t-norm on [0, 1] with ∗ < ∗M. Suppose that α ∈]0, 1[ and α ∗ α < α. Let 
R : X2 → [0, 1] and E : X2 → [0, 1] be defined by the following matrix representations
R =
⎛
⎜⎜⎝
1 α 1 1
α ∗ α 1 α α
α α 1 1
α α ∗ α α 1
⎞
⎟⎟⎠
and E(x, y) = R(x, y) ∧ R(y, x), for any x, y ∈ X, i.e.,
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⎛
⎜⎜⎝
1 α ∗ α α α
α ∗ α 1 α α ∗ α
α α 1 α
α α ∗ α α 1
⎞
⎟⎟⎠
We can check that E is a ∗-equivalence relation on X and R is a ∗-E-order relation on X.
We can easily compute that E(x, y) ∗ BR(o, y, z) = α > α ∗ α = BR(o, x, z). This implies that BR is not middle 
compatible with E.
Next, given a ∗-E-order relation R, we study the middle compatibility of TR (as defined in Lemma 1) with E and 
the relationship between this middle compatibility and that of BR with E.
The following corollary follows immediately from Proposition 3.
Corollary 10. If R is a ∗-E-order relation on X and E is the crisp equality relation on X (i.e., R is a strong ∗-order 
relation), then TR is middle compatible with E.
Given a ∗-E-order relation R on X, TR is middle compatible with E if and only if E is uniquely determined by R, 
as is shown in the following proposition.
Proposition 6. Suppose that R is a ∗-E-order relation on X with ∗ distributing over ∨. Then TR is middle compatible 
with E if and only if E(x, y) = R(x, y) ∗ R(y, x), for any x, y ∈ X.
Proof. Necessity: Suppose that TR is middle compatible with E. On the one hand, for any x, y ∈ X, it holds 
that E(x, y) = E(x, y) ∗ TR(y, y, y) ≤ TR(y, x, y) = R(x, y) ∗ R(y, x). On the other hand, it follows from the 
∗-E-antisymmetry of R that R(x, y) ∗ R(y, x) ≤ E(x, y). Therefore, E(x, y) = R(x, y) ∗ R(y, x).
Sufficiency: Suppose that E(x, y) = R(x, y) ∗ R(y, x), for any x, y ∈ X. For any o, x, y, z ∈ X, if we apply the 
assumption and the definition of TR in the first step, the distributivity of ∗ over ∨ and the commutativity of ∗ in the 
second step, the ∗-transitivity of R in the third step and the definition of TR in the fourth step, then it follows that
E(x, y) ∗ TR(o, y, z) = (R(x, y) ∗ R(y, x)) ∗
(
(R(o, y) ∗ R(y, z)) ∨ (R(z, y) ∗ R(y, o)))
= (R(o, y) ∗ R(y, x) ∗ R(x, y) ∗ R(y, z))
∨ (R(z, y) ∗ R(y, x) ∗ R(x, y) ∗ R(y, o))
≤ (R(o, x) ∗ R(x, z)) ∨ (R(z, x) ∗ R(x, o))
= TR(o, x, z).
Therefore, TR is middle compatible with E. 
From Remark 2(2) and (4) and Proposition 6, the following two corollaries are immediate.
Corollary 11. If R is a ∧-E-order relation on X with ∧ distributing over ∨, then TR is middle compatible with E.
Corollary 12. If R is a crisp preorder relation on X and E = R ∩ Rt , then TR is middle compatible with E.
The linearity of a ∗-E-order relation R implies the middle compatibility of TR with E.
Proposition 7. Let R be a linear ∗-E-order relation on X with ∗ distributing over ∨. Then TR is middle compatible 
with E.
Proof. Suppose that R is a linear ∗-E-order relation on X, i.e., R(x, y) = 1 or R(y, x) = 1, for any x, y ∈ X. It 
follows that R(x, y) ∗ R(y, x) = R(x, y) ∧ R(y, x), for any x, y ∈ X. Hence, from Remark 2(1), we conclude that 
E(x, y) = R(x, y) ∗ R(y, x), for any x, y ∈ X. Finally, from Proposition 6, it follows that TR is middle compatible 
with E. 
14 H.-P. Zhang et al. / Fuzzy Sets and Systems 384 (2020) 1–22Given a ∗-E-order relation R, the fulfillment of the property of middle compatibility of TR with E implies the 
fulfillment of the property of middle compatibility of BR with E.
Proposition 8. Let R be a ∗-E-order relation on X. If TR is middle compatible with E, then BR is middle compatible 
with E.
Proof. Suppose that TR is middle compatible with E. For any o, x, y, z ∈ X, it holds that E(x, y) ∗ TR(o, y, z) ≤
TR(o, x, z). Note that TR(o, x, z) ≤ BR(o, x, z). Hence, it holds that E(x, y) ∗ TR(o, y, z) ≤ BR(o, x, z). Therefore, it 
follows from Proposition 5 that BR is middle compatible with E. 
The converse of Proposition 8 is not true, as is shown in the following example.
Example 2. Let X be a set with cardinality |X| ≥ 2 and ∗ be a t-norm on [0, 1] with ∗ < ∗M. Suppose that α ∈]0, 1[
and α ∗ α < α. Define R : X2 → [0, 1] as follows:
R(x, y) =
{
1, if x = y,
α, if x = y.
Let E = R. It holds that E is a ∗-equivalence relation and R is a ∗-E-order relation on X. It is easy to see that BR
is middle compatible with E, but E(x, y) > R(x, y) ∗ R(y, x) for any x, y ∈ X with x = y. Hence, TR is not middle 
compatible with E, as follows from Proposition 6.
The following corollary follows immediately from Theorem 7, Corollary 12 and Proposition 8, showing that any 
crisp preorder relation induces an E-betweenness relation.
Corollary 13. Let R be a crisp preorder relation on X and E = R ∩ Rt . The crisp ternary relation BR on X, defined 
as
BR = {(x, y, z) | xEy or yEz or xRyRz or zRyRx} ,
is an E-betweenness relation on X.
Remark 6. A crisp preorder relation R on X is an order relation if and only if E = R∩Rt is the crisp equality relation 
on X. So, if R is a crisp order relation on X, then BR is exactly the crisp betweenness relation induced by R.
5.3. Constructions of strong ∗-betweenness relations
In this subsection, we give two examples of strong ∗-betweenness relations.
Since a strong ∗-order relation is exactly a ∗-E-order relation with E being the crisp equality relation, the following 
corollary follows immediately from Theorem 7, Corollary 10 and Proposition 8.
Corollary 14. Let R : X2 → L be a strong ∗-order relation with ∗ distributing over ∨. The ternary L-relation BR :
X3 → L, defined by
BR(x, y, z) =
{
1, if (x = y) ∨ (y = z),
TR(x, y, z), if (x = y) ∧ (y = z),
is a strong ∗-betweenness relation on X.
Any L-set on a real vector space induces a strong ∗-betweenness relation.
Theorem 9. Let ∗ be a t-norm on L and μ be an L-set on a real vector space X. The ternary L-relation Bμ : X3 → L, 
defined by
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⎧⎨
⎩
1, if (x = y) ∨ (y = z),
μ(x) ∗ μ(y) ∗ μ(z), if (x = z) ∧ (∃α ∈]0,1[) (y = αx + (1 − α)z),
0, otherwise,
is a strong ∗-betweenness relation on X.
Proof. It is obvious that Bμ satisfies symmetry and reflexivity. It remains to show that Bμ satisfies ∗-antisymmetry 
and ∗-transitivity.
∗-antisymmetry: consider x, y, z ∈ X with y = z. We need to show that Bμ(x, y, z) ∗Bμ(x, z, y) = 0. It suffices to 
prove that Bμ(x, y, z) = 0 or Bμ(x, z, y) = 0. We consider the following three cases:
(i) If x = y, then it follows from y = z that Bμ(x, z, y) = 0.
(ii) If x = z, then it follows from y = z that Bμ(x, y, z) = 0.
(iii) Suppose that x = y and x = z. Assume that Bμ(x, y, z) = 0 and Bμ(x, z, y) = 0. There exist α, β ∈]0, 1[ such 
that y = αx + (1 − α)z and z = βx + (1 − β)y. It follows that (α + β − αβ)x = (α + β − αβ)y. Note that 
α + β − αβ > 0. Hence, x = y, a contradiction.
∗-transitivity: consider o, x, y, z ∈ X. Suppose that they pairwisely differ (otherwise the result follows straightfor-
wardly). We consider the following three cases:
(i) If there does not exist α ∈]0, 1[ such that x = αo + (1 − α)y, then it holds that Bμ(o, x, y) = 0, which implies 
that Bμ(o, x, y) ∗ Bμ(o, y, z) = 0 ≤ Bμ(o, x, z).
(ii) If there does not exist β ∈]0, 1[ such that y = βo + (1 − β)z, then, similarly to (i), we obtain that Bμ(o, x, y) ∗
Bμ(o, y, z) ≤ Bμ(o, x, z).
(iii) Suppose that there exist α, β ∈]0, 1[ such that x = αo + (1 − α)y and y = βo + (1 − β)z. It holds that α + β −
αβ ∈]0, 1[ and x = (α + β − αβ)o + (1 − (α + β − αβ))z. It follows that Bμ(o, x, z) = μ(o) ∗ μ(x) ∗ μ(z). 
Hence,
Bμ(o, x, y) ∗ Bμ(o, y, z) = (μ(o) ∗ μ(x) ∗ μ(y)) ∗ (μ(o) ∗ μ(y) ∗ μ(z))
≤ μ(o) ∗ μ(x) ∗ μ(z) = Bμ(o, x, z).
Therefore, Bμ is a strong ∗-betweenness relation on X. 
If μ is crisp, then it follows that Bμ is formed by all triplets (x, y, z) of elements in μ such that y can be expressed 
as y = αx + (1 − α)z, for some α ∈ [0, 1].
6. On ∗-E-betweenness relations induced by a ∗-preorder relation and a ∗-equivalence relation
The following corollary follows immediately from Theorem 7 and Remark 2(1).
Corollary 15. Let R be a ∗-preorder relation on X with ∗ distributing over ∨ and E be a ∗-equivalence relation on 
X. Consider the ternary L-relation BER : X3 → L, defined by
BER (x, y, z) = E(x, y) ∨ E(y, z) ∨ TR(x, y, z) = BE(x, y, z) ∨ TR(x, y, z) .
If R, E and BER satisfy the following three conditions:
(i) R is E-reflexive;
(ii) R is ∗-E-antisymmetric;
(iii) BER is middle compatible with E,
then BE is a ∗-E-betweenness relation on X.R
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necessary, but the other two are both necessary.
Example 3. Let E be a ∗-equivalence relation on X with ∗ distributing over ∨ and R be the smallest ∗-preorder 
relation on X, i.e., R is given by
R(x, y) =
{
1, if x = y,
0, if x = y.
Suppose that there exist x0, y0 ∈ X such that E(x0, y0)  R(x0, y0), which implies that R is not E-reflexive. De-
fine BER : X3 → L as in Corollary 15. It is easy to see that BER = BE . So it follows from Theorem 1 that BER is a ∗-E-betweenness relation on X.
Proposition 9. Let R be a ∗-preorder relation on X and E be a ∗-equivalence relation on X. If the ternary L-relation 
BER : X3 → L defined as in Corollary 15 is a ∗-E-betweenness relation on X, then R is ∗-E-antisymmetric.
Proof. For any x, y ∈ X, it follows from Proposition 2 that E(x, y) = BER (y, x, y) = E(x, y) ∨ (R(x, y) ∗ R(y, x)), 
which implies R(x, y) ∗R(y, x) ≤ E(x, y). Hence, R is ∗-E-antisymmetric. 
Proposition 10. Let R be a ∗-preorder relation on X and E be a ∗-equivalence relation on X. If the ternary L-relation 
BER : X3 → L defined as in Corollary 15 is a ∗-E-betweenness relation on X, then BER is middle compatible with E.
Proof. It follows from Proposition 4. 
Although condition (i) is not necessary in general, it becomes necessary if R is compatible with E. Indeed, we 
obtain the following result.
Proposition 11. Let R be a ∗-preorder relation on X and E be a ∗-equivalence relation on X. Then R is compatible 
with E if and only if R is E-reflexive.
Proof. Suppose that R is compatible with E. For any x, y ∈ X, it holds that R(x, x) ∗ E(x, x) ∗ E(x, y) ≤ R(x, y). 
It follows from the reflexivity of R and E that E(x, y) ≤ R(x, y). Thus, R is E-reflexive.
Conversely, suppose that R is E-reflexive. For any x, y, z, t ∈ X, it holds that R(x, y) ∗ E(x, z) ∗ E(y, t) ≤
R(x, y) ∗ R(z, x) ∗ R(y, t). It follows from the ∗-transitivity of R that R(x, y) ∗ R(z, x) ∗ R(y, t) ≤ R(z, t). Hence, 
R(x, y) ∗ E(x, z) ∗ E(y, t) ≤ R(z, t). So R is compatible with E. 
The following theorem follows from Corollary 15 and Propositions 9–11, showing that given a ∗-preorder relation 
R on X compatible with a ∗-equivalence relation E on X, R must be a ∗-E-order relation if BER is a ∗-E-betweenness 
relation on X.
Theorem 10. Let R be a ∗-preorder relation on X with ∗ distributing over ∨ and E be a ∗-equivalence relation 
on X. Suppose that R is compatible with E. The ternary L-relation BER : X3 → L defined as in Corollary 15 is a 
∗-E-betweenness relation on X if and only if R is a ∗-E-order relation on X and BER is middle compatible with E.
7. Fuzzy betweenness relations with respect to the crisp equality relation
7.1. Definition
In this section, we explore the consequences of replacing ∗-antisymmetry in Definition 4 by crisp antisymmetry, 
analogously to the case of (strong) fuzzy order relations. We first propose the notion of a fuzzy betweenness relation 
with respect to the crisp equality relation (∗-betweenness relation) and present the characterization of a ∗-betweenness 
relation in terms of a family of ∗-order relations. Secondly, we attempt to construct a ∗-betweenness relation from a 
∗-order relation. It is shown that the induced ternary L-relation of a ∗-order relation is a ∗-betweenness relation if and 
only if it satisfies a specific property.
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if it satisfies the following four conditions:
(i) Symmetry (w.r.t. the first and the third element): for any x, y, z ∈ X,
B(x, y, z) = B(z, y, x) .
(ii) Reflexivity (w.r.t. the second and the third element): for any x, y ∈ X,
B(x, y, y) = 1 .
(iii) Crisp antisymmetry (w.r.t. the second and the third element): for any x, y, z ∈ X,
B(x, y, z) = B(x, z, y) = 1 =⇒ y = z .
(iv) ∗-transitivity (w.r.t. the second and the third element): for any o, x, y, z ∈ X,
B(o, x, y) ∗ B(o, y, z) ≤ B(o, x, z) .
Remark 7. (1) A strong ∗-betweenness relation is necessarily a ∗-betweenness relation, but the converse is not true 
(see Remark 8).
(2) The ternary relation B= defined as in Corollary 4 is also the smallest ∗-betweenness relation on X.
For the development of this section, hereinafter a symmetric, reflexive and ∗-transitive ternary L-relation will be 
referred to as a ∗-prebetweenness relation, referring to the fact that it can be characterized as a family of ∗-preorder 
relations. Note that, unlike a ∗-betweenness relation, a ∗-prebetweenness relation does not need to be crisp antisym-
metric.
Next, we introduce a property requiring that the degree to which an element is in between two different elements 
is always greater than or equal to the degree to which an element is in between twice the same element. This property 
will be of great interest to the study of ∗-prebetweenness relations.
Definition 9. A ternary L-relation T : X3 → L is said to satisfy property (M) if, for any o, x, y ∈ X, it holds that 
T (o, x, o) ≤ T (o, x, y).
Indeed, any ∗-prebetweenness relation B on X satisfies property (M).
Proposition 12. Let ∗ be a t-norm on L and B be a ∗-prebetweenness relation on X. Then B satisfies property (M).
Proof. Consider any o, x, y ∈ X. By applying that B(o, o, y) = B(y, o, o) = 1 and the ∗-transitivity of B , it follows 
that B(o, x, o) = B(o, x, o) ∗ B(o, o, y) ≤ B(o, x, y). 
7.2. Representation of ∗-(pre)betweenness relations
Similarly to Corollaries 7, 8 and 9, the following theorems show that a ∗-(pre)betweenness relation can be repre-
sented as a family of related ∗-(pre)order relations.
Theorem 11. Let ∗ be a t-norm on L and B be a ∗-(pre)betweenness relation on X. The family {Ox}x∈X of L-relations 
on X, where, for any x ∈ X, Ox : X2 → L is defined by Ox(y, z) = B(x, y, z), is a family of ∗-(pre)order relations on 
X satisfying Ox(y, z) = Oz(y, x), for any x, y, z ∈ X.
Theorem 12. Let ∗ be a t-norm on L and {Ox}x∈X be a family of ∗-(pre)order relations on X satisfying Ox(y, z) =
Oz(y, x), for any x, y, z ∈ X. The ternary L-relation B : X3 → L, defined by B(x, y, z) = Ox(y, z), is a ∗-(pre)be-
tweenness relation on X.
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on X if and only if it is induced (as in Theorem 12) by a family of ∗-(pre)order relations {Ox}x∈X on X satisfying 
Ox(y, z) = Oz(y, x), for any x, y, z ∈ X.
7.3. ∗-betweenness relations induced by a ∗-order relation
In this subsection, we first prove that the ternary L-relation induced by a ∗-order relation is a ∗-betweenness 
relation if and only if it satisfies property (M). Next, we provide two examples to show that property (M) does not 
hold in general. Finally, we give two sufficient conditions for property (M) to hold.
We can construct ∗-betweenness relations from a ∗-order relation whose induced ternary L-relation satisfies prop-
erty (M), as is shown in the following theorem.
Theorem 14. Let R : X2 → L be a ∗-order relation with ∗ distributing over ∨. The ternary L-relation BR : X3 → L, 
defined by
BR(x, y, z) =
{
1, if (x = y) ∨ (y = z),
TR(x, y, z), if (x = y) ∧ (y = z),
satisfies the following two properties:
(1) BR satisfies conditions (i)–(iii) of Definition 8 and the following ∗-subtransitivity4:
BR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z) ∨ BR(o, x, o), for any o, x, y, z ∈ X .
(2) BR is a ∗-betweenness relation on X if and only if BR satisfies property (M).
Proof. (1) It is obvious that BR satisfies symmetry and reflexivity. It remains to prove that BR satisfies crisp antisym-
metry and ∗-subtransitivity.
Crisp antisymmetry: for any x, y, z ∈ X with y = z, we need to prove that BR(x, y, z) = 1 or BR(x, z, y) = 1. We 
consider the following three cases:
(i) If x = y, then it follows from y = z that R(x, z) = 1 or R(z, x) = 1. Hence,
BR(x, z, y) = BR(x, z, x) = TR(x, z, x) = R(x, z) ∗ R(z, x) = 1 .
(ii) If x = z, then, similarly to (i), it holds that BR(x, y, z) = 1.
(iii) Suppose that x = y and x = z. It follows from Lemma 1(1) that
BR(x, y, z) ∗ BR(x, z, y) = TR(x, y, z) ∗ TR(x, z, y) ≤ R(y, z) ∗ R(z, y) .
In addition, y = z implies that R(y, z) ∗ R(z, y) = 1. Hence, it holds that
BR(x, y, z) = 1 orBR(x, z, y) = 1 .
∗-subtransitivity: for any o, x, y, z ∈ X, we consider the following three cases:
(i) If o = x or x = y or y = z, then it holds that BR(o, x, y) ∗ BR(o, y, z) ≤ BR(o, x, z).
(ii) If o = y, then it holds that BR(o, x, y) ∗ BR(o, y, z) = BR(o, x, o) ∗ 1 = BR(o, x, o).
(iii) Suppose that o = x, o = y, x = y and y = z. It thus holds that BR(o, x, y) = TR(o, x, y) and BR(o, y, z) =
TR(o, y, z). It follows from Lemma 1(2) that
BR(o, x, y) ∗ BR(o, y, z) = TR(o, x, y) ∗ TR(o, y, z)
≤ TR(o, x, z) ∨ TR(o, x, o)
≤ BR(o, x, z) ∨ BR(o, x, o).
4 The property of ∗-subtransitivity obviously holds in case ∗-transitivity is fulfilled.
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Sufficiency: Suppose that BR(o, x, o) ≤ BR(o, x, y), for any o, x, y ∈ X. Due to (1), we only need to prove that BR
satisfies ∗-transitivity.
For any o, x, y, z ∈ X, it follows from the ∗-subtransitivity of BR and the assumption that BR(o, x, y) ∗
BR(o, y, z) ≤ BR(o, x, z) ∨ BR(o, x, o) = BR(o, x, z). 
Property (M) can be expressed equivalently in terms of TR instead of in terms of BR .
Proposition 13. Let R be a ∗-order relation on X. Then BR satisfies property (M) if and only if TR satisfies the 
following inequality:
TR(o, x, o) ≤ TR(o, x, y), for any o, x ∈ X with o = x and any y ∈ X.
Proof. Note that 1 = BR(o, o, o) ≤ BR(o, o, y) for any y ∈ X. In addition, for any o, x, y ∈ X, it holds that 
BR(o, x, x) = 1 and TR(o, x, y) ≤ R(o, x) ∨ R(x, o) = TR(o, x, x). Hence, it follows that
BR(o, x, o) ≤ BR(o, x, y) for any o, x ∈ X and any y ∈ X
⇐⇒ BR(o, x, o) = TR(o, x, o) ≤ BR(o, x, y) for any o, x ∈ X with o = x and any y ∈ X
⇐⇒ TR(o, x, o) ≤ BR(o, x, y) for any o, x ∈ X with o = x and any y ∈ X \ {x}
⇐⇒ TR(o, x, o) ≤ TR(o, x, y) for any o, x ∈ X with o = x and any y ∈ X \ {x}
⇐⇒ TR(o, x, o) ≤ TR(o, x, y) for any o, x ∈ X with o = x and any y ∈ X . 
The following two examples show that there exist ∗-order relations whose induced ternary L-relation does not 
satisfy property (M). For these examples, let us now consider the special case in which the considered bounded lattice 
is the unit interval (i.e., L = [0, 1]) and recall some preliminary notions. A t-norm ∗ on [0, 1] is called left-continuous 
if it is left-continuous as a function in the usual interval topology on [0, 1]2. We recall that the meet t-norm is left-
continuous, but the drastic product t-norm is not left-continuous.
The residual implication [14,21] I∗ of a left-continuous t-norm ∗ is defined as follows:
I∗(a, b) = sup{x ∈ [0,1] | a ∗ x ≤ b}.
The following properties of I∗ will be used next.
(i) a ≤ b ⇐⇒ I∗(a, b) = 1 for any a, b ∈ [0, 1].
(ii) I∗(1, a) = a for any a ∈ [0, 1].
Example 4. Let X be a set with cardinality |X| ≥ 2 and ∗ be a left-continuous t-norm on [0, 1]. The subsethood degree 
relation S on the set of all fuzzy subsets F(X) of X [3] is a ∗-order relation on F(X), which is defined as follows: for 
any P, Q ∈F(X),
S(P,Q) = inf
x∈X I∗(P (x),Q(x)).
Suppose that a, b ∈ X are different and α, β ∈ [0, 1[ with α < β . Define O, P, Q ∈F(X) as follows: for any x ∈ X,
O(x) =
⎧⎨
⎩
α, if x = a,
β, if x = b,
0, otherwise,
P (x) =
⎧⎨
⎩
α, if x = a,
1, if x = b,
0, otherwise,
and Q(x) =
⎧⎨
⎩
1, if x = a,
α, if x = b,
0, otherwise.
We can easily compute that S(O, P) = 1, S(P, O) = β and S(P, Q) = S(Q, P) = α. Hence, it holds that 
BS(O, P, O) = β > α = BS(O, P, Q). We conclude that BS does not satisfy property (M).
Example 5. Let X = {o, x, y} and ∗ be a t-norm on [0, 1]. Suppose that α, β ∈ [0, 1[ and α < β . Define R : X2 →
[0, 1] as follows:
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⎧⎨
⎩
R(o,o) = R(x, x) = R(y, y) = R(o, x) = 1
R(x, o) = β
R(o, y) = R(y, o) = R(x, y) = R(y, x) = α.
We can check that R is a ∗-order relation on X. Additionally, we can easily compute that BR(o, x, o) = β > α =
BR(o, x, y). We finally conclude that BR does not satisfy property (M).
Next, we give two sufficient conditions for property (M) to hold. First, any ternary L-relation induced by a strong 
∗-order relation satisfies property (M).
Proposition 14. Let R be a strong ∗-order relation on X with ∗ distributing over ∨. Then BR satisfies property (M).
Proof. Follows from Corollary 14, Remark 7 and Theorem 14(2). 
Second, any ternary L-relation induced by a linear ∗-order relation satisfies property (M).
Proposition 15. Let R be a linear ∗-order relation on X. Then BR satisfies property (M).
Proof. Suppose that R is a linear ∗-order relation on X. For any o, x, y ∈ X, it holds that (R(o, x) = 1 or R(x, o) = 1) 
and (R(x, y) = 1 or R(y, x) = 1). Hence, it follows that
TR(o, x, o) = R(o, x) ∧ R(x, o) ≤ (R(o, x) ∗ R(x, y)) ∨ (R(y, x) ∗ R(x, o)) = TR(o, x, y) ,
which implies that TR(o, x, o) ≤ TR(o, x, y), for any y ∈ X. We finally conclude from Proposition 13 that BR satisfies 
property (M). 
Neither the converse of Proposition 14 nor that of Proposition 15 is true, as shown in the following example.
Example 6. Let X be a set with cardinality |X| ≥ 2 and ∗ be a t-norm on [0, 1] with ∗D < ∗. Suppose that α ∈]0, 1[
with α ∗ α > 0. Define R : X2 → [0, 1] as follows:
R(x, y) =
{
1, if x = y,
α, if x = y.
It holds that R is a ∗-order relation on X, but it is neither strong nor linear. It is easy to see that BR satisfies prop-
erty (M). We conclude that BR is a ∗-betweenness relation on X.
Remark 8. In Example 6, for any x, y ∈ X with x = y, it holds that
BR(x, y, x) ∗ BR(x, x, y) = (α ∗ α) ∗ 1 = α ∗ α > 0 .
It follows that BR is not ∗-antisymmetric, hence not a strong ∗-betweenness relation on X. Therefore, the class of all 
∗-betweenness relations is strictly larger than that of all strong ∗-betweenness relations.
8. Connection between ∗-E-betweenness relations and ∗-prebetweenness relations
In this section, we attempt to establish the correspondence between ∗-E-betweenness relations and ∗-prebetween-
ness relations.
Theorem 15. Let ∗ be a t-norm on L, E be a binary L-relation on X and B be a ternary L-relation on X. The 
following two statements are equivalent:
(i) E is a ∗-equivalence relation on X and B is a ∗-E-betweenness relation on X;
(ii) B is a ∗-prebetweenness relation on X, E(x, y) = B(y, x, y), for any x, y ∈ X, and
B(x, y, z) ∗ B(x, z, y) ≤ B(y, z, y), for any x, y, z ∈ X .
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(ii) =⇒ (i) We first prove that E is a ∗-equivalence relation on X.
It is obvious that E is reflexive. For any x, y ∈ X, it follows from the inequality in assumption (ii) that B(x, y, x) =
B(x, y, x) ∗ B(x, x, y) ≤ B(y, x, y). Similarly, it holds that B(y, x, y) ≤ B(x, y, x). Hence, B(y, x, y) = B(x, y, x), 
which implies that E(x, y) = E(y, x), i.e., E is symmetric.
For any x, y, z ∈ X, it follows from property (M) and the ∗-transitivity of B that
E(x, y) ∗ E(y, z) = B(y, x, y) ∗ B(z, y, z) ≤ B(z, x, y) ∗ B(z, y, z) ≤ B(z, x, z) = E(x, z) ,
which implies that E is ∗-transitive.
Next, we show that B is a ∗-E-betweenness relation on X. We only need to prove that B is E-reflexive and 
∗-E-antisymmetric.
For any x, y, z ∈ X, it follows from property (M) that
E(y, z) = B(z, y, z) ≤ B(z, y, x) = B(x, y, z) ,
which implies that B is E-reflexive. The inequality and the equality in the assumption (ii) imply that B is 
∗-E-antisymmetric. 
Further, we can obtain the connection between the notion of a ∗-E-betweenness relation (with E a ∗-equality 
relation) and the notion of a ∗-betweenness relation.
Theorem 16. Let ∗ be a t-norm on L, E be a binary L-relation on X and B be a ternary L-relation on X. The 
following two statements are equivalent:
(i) E is a ∗-equality relation on X and B is a ∗-E-betweenness relation on X;
(ii) B is a ∗-betweenness relation on X, E(x, y) = B(y, x, y), for any x, y ∈ X, and
B(x, y, z) ∗ B(x, z, y) ≤ B(y, z, y), for any x, y, z ∈ X .
Proof. Due to Theorem 15, we only need to prove that E is separable if and only if B is crisp antisymmetric.
Suppose that E is separable. For any x, y, z ∈ X, if B(x, y, z) = B(x, z, y) = 1, then it follows from Theorem 15(ii) 
that E(y, z) = 1, which implies that y = z. Hence, B is crisp antisymmetric.
Conversely, suppose that B is crisp antisymmetric. For any x, y ∈ X, if E(x, y) = 1, i.e., B(y, x, y) = 1, then it 
follows from B(y, y, x) = 1 and the crisp antisymmetry of B that x = y. Hence, E is separable. 
9. Conclusions and future work
In this paper, we have studied an important special kind of ternary fuzzy relations, called fuzzy betweenness 
relations. Corresponding to the two mainstream approaches to fuzzy order relations, two kinds of fuzzy betweenness 
relations have been proposed and proved to be representable as a family of fuzzy order relations in the respective 
sense. Unlike in the crisp setting discussed in [36], not all fuzzy order relations induce a fuzzy betweenness relation. 
Fortunately, we have characterized fuzzy order relations that induce fuzzy betweenness relations in both senses (see 
Theorem 7(2) and Theorem 14(2)). Moreover, we have established the connection between these two kinds of fuzzy 
betweenness relations (see Theorems 15 and 16).
Since we only established a basic framework for fuzzy betweenness relations, a lot of problems remain open for 
future work. For instance, the construction of fuzzy betweenness relations (in either sense) from a (fuzzy) metric is an 
interesting problem.
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